Introduction
The properties of fluid membranes with in-plane orientational degrees of freedoms have been an active research field since the earliest theoretical studies of membraneprotein interactions in the 1970s. The fact that the membrane can serve as a mediator between proteins embedded in the membrane was recognised by Marcelja [1] and how the anisotropy of the membrane components can affect the cooperative transitions in the membrane was discussed by Nagle [2] . Lateral anisotropic shapes are common among membrane components and membrane inclusions, e.g. many low temperature phases of membranes have tilted lipid conformations and membrane proteins are often formed as p similar or identical sub-units forming characteristic shapes with C vp symmetry in the plane. The cooperative behaviour of such membrane systems and their interplay with the membrane shapes have been studied for a range of systems, e.g. chiral ribbons [3] , membranes with gemini lipids [4] and liquid crystalline polymersomes [5] . The effects of such anisotropic membrane components have received renewed attention with the identification of whole families of membrane proteins with membrane shape remodelling capacity, e.g. BAR-proteins, pathogenic toxins and reticulons. It is characteristic for these proteins that they are regularly shaped in the plane of the membrane, weakly interacting and some lateral association between them is required for shape deformation. This suggests that their physical properties must be understood in the language of liquid crystalline behaviour at a flexible interphase. Some questions on the relation between in-plane liquid crystalline ordering and membrane conformations were already addressed in 1980s and 1990s by analytical approaches in the context of membranes with hexatic ordering of its lipid positional degrees of freedoms or lipid tilt orientation or the corresponding smectic B or smectic C liquid crystals [6] . p-atic membranes were introduced in theoretical membrane modelling as a generalisation where the in-plane orientational order parameter is invariant under rotations with the angle φ → φ + 2π p , for integer p. The relevant order parameter field is a symmetric, traceless tensor of order p, a generalisation of the well-known Q-tensor Q = Q(m ⊗m − 1 2 I) for nematic liquid crystals (p = 2), wherem is a unit director [6] . In 2D all such tensors can be represented as a unit director and the magnitude of the tensor, in analogy with the nematic tensor Q. Membranes with p-atic ordering are thus expected to display common physical properties. The theoretical studies of p-atic membranes gave rise to many interesting predictions, which unfortunately have been out of reach to test experimentally. In this paper we carry out computer simulations of self-avoiding membranes with spherical topology. An attempt is made to compare our results with the theoretical predictions. The paper is organized as follows. In sect. 2 we introduce the simplest sub-class of continuum models of p-atic membranes (sect. 2.1) and some main results from the literature on the subject are summarised (sect. 2.2). The discretised description of p-atic membrane is given in sect. 3 along with their implementation on Dynamically Triangulated Surfaces (DTS) and analysis by Monte Carlo simulation. The results of the simulations and discussion of them are presented in sect. 4. First we consider the case of a membrane with a spherical shape in sect. 4.1, and then the extension to flexible membranes in sect. 4.2. Aspects of the ordered phase are described in sect. 4.3 and the membrane conformations around point disclinations are covered in sect. 4.4. Section 5 is for concluding remarks.
Models of p-atic membranes
Our understanding of the properties of p-atic membranes originates mainly from the analysis of continuum elastic models, which will be introduced in sect. 2.1, while some of the previous results, which have motivated this work are presented in sect. 2.2.
Continuum models
A continuum description of p-atic membranes has its starting point in Helfrich's free energy expression for the curvature elasticity of a fluid membrane [7] . The conformations of a closed membrane with area A, and local mean and Gaussian curvatures H and K, respectively, is governed by the energy functional
The material parameter C 0 is the spontaneous (preferred) curvature of the membrane and κ is the bending elastic constant and has the dimension of energy. In eq.
(1), we have neglected any contributions due to surface tension since we are only interested in fluid free standing membranes. As a consequence of the Gauss-Bonnett theorem [8] , the integral of the Gaussian curvature K over the entire surface is a topological invariant with a value 2πχ, where χ is the Euler characteristic of the surface. Hence the second term in eq. (1) is a constant and therefore irrelevant for the energetics of membrane surfaces with fixed topologies. However, in the case of membranes with a patic in-plane order, it should be noted that the Gaussian curvature K can play an important role by coupling to the texture of the in-plane orientational field. In the continuum description, an in-plane p-atic field is represented by the unit vectorm, withm being invariant upon rotations of 2πn/p, where n is a positive integer. The in-plane texture ofm is governed by the local gradients through the energy functional [9] 
Here, K A is the elastic stiffness parameter of the p-atic fieldm with the dimension of energy. ∇ qm is the covariant derivative ofm which is operating in the tangent plane of the membrane and measures the deviation from parallelism ofm as we move along the tangent vector q. So, eq. (2) will at low temperatures favour local alignment of m into parallel orientations. But for a curved surface it is in general not possible to make the vectors in a neighbourhood all parallel. This is e.g. reflected in the noncommutative nature of ∇ q and it causes a geometrical frustration of the ordered state on curved membranes inducing or leading to coupling between in-plane ordering and membrane conformations (see appendix A for description of the properties of ∇ q ). Equation (2) is relevant for the more general class of p-atic membranes with in-plane anisotropic elasticity, which is invariant under rotation of its components by the angle 2π p in the plane [10, 11] . For the cases p = 1 (polar) and p = 2 (nematic) a more specific energy expression holds:
(3) This is the so-called Frank's elastic free energy for a nematic liquid crystal in 2D [12] . The elastic constants K 1 and K 3 have the dimensions of energy andm ⊥ is the orthonormal complement ofm in the local tangent plane. For the closed membrane eq. (3) reduces to eq. (2) when
Similarly, eq. (1) must in general be extended to include terms involving the directional curvature for p = 1 and p = 2 [11] . In this work we will limit the analysis to the contributions of eq. (1) and eq. (2) to the total free energy. Further, we will restrict to the case C 0 = 0, to compare with the bulk of theoretical works for this case.
Previous theoretical results
The effect of thermal fluctuations on membranes has received major attention in the early days of theoretical membrane research. By 1985 it was established that the conformations of a fluid phantom membrane would appear crumpled on length scales larger than its persistence length ξ(κ) = a exp(4πκ/3k B T ) [13] [14] [15] , where a is the mesoscopic cut-off length, a result which also holds for selfavoiding fluid surfaces [16, 17] . These conformations differ from those observed for tethered membranes, in which phantom surfaces display a crumpling transition [18, 19] , while self-avoiding surfaces remain ordered even at large length scales [20] . In 1987 Nelson and Peliti [21] and David, Peliti, and Guitter [22] addressed the question of the conformation of membranes with in-plane liquid crystalline order, exemplified with hexatic membranes. It was argued from the results of perturbative renormalisation group analysis to lowest order in k B T /κ and k B T /K A that the conformational fluctuations of the membrane have no effect on the Kosterlitz-Thouless transition point
2 /π [23] . In the following we set k B T = 1 to simplify notations. For K A ≥ K KT the in-plane field on the membrane remains orientationally ordered with no renormalisation of K A . Further, it was also predicted that the bending rigidity κ renormalises to κ c (K A ) = K A /4 at long length scales and it remains rigid with no crumpling. For κ > κ c (K A ) the membrane appears rigid on short scales and softens to κ c (K A ) on long length scales, while for κ < κ c (K A ) the membrane appears softer on short length scales. This is the crinkled phase [22] of the membrane, which has infinite persistence length with the correlation between surface normals separated by a distance s are predicted to decline with a power law s −η for self-intersecting membranes, with η = 2 πKA . However, self-avoidance may turn the crinkled membrane asymptotically flat [22] similar to the crumpled phase of fixed connectivity membranes [20, 24] .
All the results described above are based on the analysis of quasi-planar, infinite membranes, where the p-atic ordered state can be considered to be disclination free. However, free-standing membranes in experimental systems are in general closed, with more or less complex topologies, and the p-atic ordered state is expected to have point disclinations imposed by the topology of the membrane. Lubensky and Prost [25] have investigated the texture and energetics of p-atic orientational order on a spherical membrane by theoretical analysis with several interesting conclusions. First, it was shown that for p-atic ordering the disclination will appear with the lowest possible index ±1/p, since higher disclinations with indices ±n/p, n ≥ 2 are energetically unfavored and will decay to n disclinations with index ±1/p. It is required by the Poincaré-Hopf theorem that the total disclination index is equal to χ, the Euler characteristic of the membrane. Thus, for a spherical membrane (χ = 2) with p-atic order, 2p disclinations with index +1/p are expected. Furthermore, it was argued that these point disclinations strongly repel each other with an energy
that resembles 2D Coulomb interactions between charges of strength 1/p. Here R is the radius of the sphere, θ ij is the spherical angle between the disclinations i and j and 2R sin(θ ij ) is the length of the chord between them. The problem of minimising eq. (4) is thus related to maximising the distance between the 2p disclination points on a sphere. This problem has been studied since J.J. Thomson's model of the atom of 1904 [26] . Unfortunately, no general analytical solution has been found, but numerical solutions for all the positions with p ≤ 400 are available [27] .
In general, p-atic membranes are not expected to be confined to spherical shapes. Nelson and Peliti [21] argued in 1987 that the disclination and dislocations energies are reduced by buckling of the membrane out of the plane. For disclinations the cone-shaped or saddle-shaped deformations are formed for κ < κ b = 2p−1 [28, 21, 29] which may induce proliferation of disclinations, i.e. melting, at low κ for all K A [29] . The shape of buckled p-atic membranes in the vicinity of the disclinations has also been studied in a mean-field setting [30] and more recently for tense p-atic membranes which deform into pseudo-spheres [12, 31] . A more comprehensive RG analysis of the p-atic membrane, which includes these effects, was performed by Park and Lubensky [32] [33] [34] based on the descriptions given by Guitter and Kardar [29] . The crinkling line of fixed points became the solution of the equation κ c =K A (K A , κ c )/4 terminating in the melting/crumpling fixed point atK
2 /π. Here, the effective stiffnessK A is given bȳ
In this approach the melting/crumpling of p-atic membranes can be described by a single mechanism. The obtained phase diagram [32] is shown in fig. 1 (see also, Supplementary Material: SI-1 and SI-2).
Triangulated surface model
A triangulated surface is a closed, piece-wise flat surface constituted of 2(N − χ) triangles that intersect in N vertices and 3(N − χ) edges. This model establishes a framework to discretise the continuum models as described in sect. 2.1 for numerical studies of cooperative properties of membranes in the mesoscopic and macroscopic length scales. In our implementation of the triangulated surface model, all the surface properties are associated with the vertices. We denote the surface position and normal at a vertex i by X i and N i , respectively. The curvature properties in the neighbourhood of the vertex i are described by the discrete shape operator S i , which may be obtained numerically. It is represented as a symmetric 2-tensor in the tangent plane T P i and the eigenvalues of S i are the local principal curvatures c 1 (i) and c 2 (i). The principal directions and the local surface normal form a local orthonormal frame of reference (Darboux frame). The details of the calculation of the discrete shape operator are given in [35] . The discretised form of the Helfrich's free energy eq. (1) based on the local discrete curvature in-
A i is the vertex area constituted by a third of the area of the triangles shared by the vertex i. The identification of T P i and the Darboux frame allows us to define the local unit directorm i ∈ T P i at a vertex in order to represent the local orientation of an in-plane vector field. The implementation of the continuum in-plane elastic model eq. (2) on the triangulated surface requires a discrete representation of the covariant differentials. This was made possible with the discrete parallel transport between neighbouring vertices introduced in [35] . The generalised lattice XYmodel for a p-atic in-plane field on a random triangulated surface takes the form
where φ i,j is the angle between neighbouring fieldsm i and m j after parallel transport. Equation (7) is thus invariant under local rotations ofm i by angle 2π/p. In the lowtemperature approximation eq. (7) corresponds to eq. (2) with
The self-avoidance of the surface is ensured by assigning a hard core spherical bead of unit diameter to each vertex and a maximal tether distance of √ 3. This is not sufficient to impose strict self avoidance [17] , but a mild constraint on the dihedral angle between two faces sharing a tether ensures self avoidance.
The Boltzmann probability distribution function
is sampled using the Dynamically Triangulated Monte Carlo (DTMC) scheme, as described in [35] . Previously, melting transitions in hexatic membranes had been studied by Kroll and Gompper using the triangulated surface model [36] . In their approach the hexatic stiffness K A was indirectly tuned by changing the maximal tether length between neighbouring vertices. All the results presented in the following section were obtained using DTMC simulations for a triangulated surface of spherical topology, with N = 2030 vertices. A typical simulation (that includes both equilibration and production) is performed for 1×10
5 MCS for stiff membranes and for 4 × 10 6 MCS when the membrane is flexible. Here, MCS denotes a Monte Carlo step which is constituted of N orientational updates, N attempted vertex moves, and 3(N − 2) attempted link flips (see [35] for details). All reported measures are thermodynamic averages obtained by averaging over at least 16 independent ensembles.
Results and discussion
The results of the computer simulations of a spherical shaped p-atic membrane are presented and compared with the theoretical estimates with emphasis on the phase behaviour and the properties of the p-atic ordered phase. This is used as the basis for a presentation of the results for the p-atic membrane with full conformational flexibility. The phase diagram of the p-atic membranes is further complemented with analysis of the micro-roughness of the membrane and buckling transitions of disclinations in the ordered phase.
p-atic ordering on a spherical surface
We first verify some of the known analytical results presented in sect. 2.2 for the organization of a p-atic in-plane field on a spherical membrane. This model has some resemblance with the planar lattice models, however, the constant curvature of the spherical membrane influence the coupling between nearest neighbours of the orientational field on the lattice. The phase behaviour found is in accordance with the theoretical expectation, that the system undergoes a continuous transition with characteristics of a Kosterlitz-
0.73. This is reflected in a dramatic increase in the number of disclinations, N D , as shown in fig. 2 shows the numerical derivative of N D with respect to ε, which shows an inflection near ε KT . In our simulations, a disclination is identified from the local discrete winding number
where φ(j, j + 1) is the angular difference (modulo 2π/p) between neighbouringm j andm j+1 after parallel transport ofm j+1 along the closed path C(i) constituted by the one-ring neighbourhood of vertex i. The associated index is given by q i = W (i)/(2π) except for a small correction from the local Gaussian curvature. This technique to compute N D is highly effective if the surface is smooth and p is not too high. The specific heat is another useful quantifier of a cooperative transition, which can readily be calculated from the fluctuations in the energy of the orientational field as Figure 3 shows the specific heat of the p-atic field as a function of ε, for p = 1, 2, 3, 4, 5. The profile of C m is similar to the universal form seen for the KT transition of the planar XY-model [9] and the peak position (ε) is shifted slightly compared to the transition point. Furthermore, the p-dependence of the peak position, profile, and system size is very weak.
In the ordered phase for ε > ε KT the spherical topology imposes 2p disclinations situated close to maximal distances from each other as shown in fig. 4 for snapshots of equilibrated systems with ε = 10 and p = 1, 2, 3, 4. Our observations are in good agreement with previous theoretical predictions [25] and also with simulations of in-plane nematic fields (p = 2) on a spherical surface [37] . A quantitative verification of the description of Prost and Lubensky [25] is shown in fig. 5 where the measured energy of the p-atic field by thermal averages of eq. (7) for the range 
Phase diagram for flexible p-atic membrane
In this section the effect of p-atic ordering on a flexible membrane is investigated. Unlike for a p-atic field on stiff membranes, where the membrane phase diagram is only governed by the ordering state of the field, those on flexible membranes show a more complex spectrum of states that result from the interplay between in-plane ordering degrees of freedoms and membrane configurational degrees of freedoms. Overall, the obtained ε-κ phase diagram, fig. 7 , consists of two regions, similar to the spherical p-atic surface discussed above.
The phase diagram is characterised from the local maxima of the overall specific heat (see SI-17) which is found by combining C m (eq. (10)) and C Hel , where
The similarity with the stiff spherical membranes is particularly striking for large κ values where the p-atic disordering transition point is close to ε KT as found in sect. 4.1 (see fig. 3 ). This picture is confirmed by analyzing the p-atic nearest neighbor alignment parameter:
S 1 for the p-atic ordered state, while disordering gives S 0. S depends on ε as shown in fig. 6 for various p values. Within the ordered region S displays only minor variations with respect to κ (SI-18). The p-atic disordered region displays the same conformational behaviour as found in previous fluid membrane simulations with dynamically triangulated surfaces. At low κ values the membrane has the well-known branched polymer characteristics, while it appears quasi-spherical at high κ. In fig. 7 κ 2.4 respresents the position of a small cusp in C Hel generally found in randomly triangulated surface simulations of fluid surfaces [16, 17] . The nature of this transition or cross-over is still not resolved, but it corresponds to the lower limit of the rigid membrane regime with persistence length ξ p (κ) [17] . Interestingly, this cross-over continues into the p-atic ordered region (see SI-14-SI-16). The patic ordering transition shows a weak κ and p dependencẽ
whereε 0 0.6. The proximity of theε 0 to ε KT does not guarantee that the transition is a KT transition. However, the specific heat is hardly altered with system size for both high and low κ values (SI-21) It is interesting to note that the theoretical predictions of a low-κ crumpling transition (see sect. 2.2) seem not to be confirmed by this phase diagram.
The ordered phase
The high-ε region of the phase diagram (ε >ε) constitutes the ordered phase of the p-atic membrane. In fig. 7 some configurational snap-shots are shown for p = 2. A broader gallery of snap-shots from the p-atic ordered phase is shown in SI-22-SI-24 for p = 1, 2, 3, 4, 5 for ε = 5, 10, 15, and κ = 0, 5, 10, 15, 20. Inspection of the textures of the p-atic field in the ordered state reveals that they have 2p disclinations distributed over the membrane surface, consistent with the theoretical predictions [25] . The disclinations are easily identified since the overall shapes of the membranes resemble distinct polyhedras as suggested by Prost and Lubensky [25] with the disclinations situated in the corners. However, as κ is increased the vesicle shapes will appear with more round corners (sect. 4.4) and the disclinations for such cases can be identified with the algorithm used for spherical surfaces (sect. 4.1). At large length scales the membrane appears ordered for ε > ε KT independent of the choice of κ and p, while the short-scale behavior is varying.
For low κ values in the ordered phase the membrane is rough at short length scales, and gradually becomes more smooth with increase in κ. This is quantified by the vertex mean curvature distribution P (H) shown in fig. 8 . For most vertices the mean curvatures are Gaussian distributed around a mean valueH. BothH and the corresponding standard deviation σ(H) are found to decrease with ε, p and κ (see . This tendency ofH reflects that the overall configuration of the membrane becomes more ordered with increase in ε, p and κ. The shift inH is modest reflecting only slight modifications in the overall curvatures. For σ(H) the change is dramatic (see SI-6), depending both on ε and p for small κ and collapsing into a κ − 1 2 (see inset of SI-6 and SI-7) relationship for large κ, as expected from the equipartition theorem for semi-flexible membranes. This behavior is consistent with the crinkled phase, where the effective bending rigidity at short distances is given by κ, while the bending rigidity for the large-distance conformations tends to κ c (K A ) [32] . A closer analysis shows that σ(H) display approximative power law behavior in ε and p (see fig. 9 and SI-8, SI-9), which can be summarised in the phenomenological relation
where β(κ) → 0 and γ(κ) → − 1 2 ln(κ) for κ large and β(κ) → β 0 and γ(κ) → γ 0 for κ → 0, β 0 and γ 0 are some constants. Equation (14) thus represents a cross-over behaviour from the local flexible to rigid regimes of the ordered (crinkled) phase.
Shapes of disclinations in a p-atic ordered membrane
The theoretical arguments reviewed in sect. 2.2 suggests that an important ingredient for understanding the melting of p-atic ordered membranes is the buckling instability of membranes close to point disclinations of the p-atic field. In this section we analyse the buckling instability of the membrane in the ordered phase by use of the discretised model. We have previously shown configurations with disclinations bound to curvature singularity for p = 1 and p = 2 [35, 38] . Similarly, the equilibrium configurations for all combinations of p = 1, 2, 3, 4, 5, ε = 5, 10, 15, where certain combinations show disclinations with associated curvature singularity in the membrane configurations. These high-curvature configurations are observable in the mean curvature distribution functions as a separate peak at high curvatures as shown in fig. 8 . For each ε and p this peak vanishes at a buckling threshold κ b (ε, p) (see fig. 11 ). Another way to represent the mean curvature distribution is to form an ordered series of the mean curvatures for each snap shot and then successively average these series between all the snapshots as shown in fig. 10 . In such a representation it appears that, below κ b (ε, p), the vertices with 2p disclinations leads to highcurvature branches (red lines) that are separated from the bulk (green area) of curvatures. κ b (ε, p) is indicated in the phase diagram ( fig. 7) . In general κ b (ε, p) is linear in ε: fig. 11 ) supporting that a simple balance between the curvature energy and disclination energy is in play for the buckling transition [21, 29] . This is furthermore supported by the finding thatκ 
Conclusions
We have investigated the phase behaviour of p-atic membranes in the κ-K A parameter space using Monte Carlo simulation of self-avoiding triangulated surfaces. Overall, our results support the view that there are two phases separated by a line of transitions between the ordered (crinkled) phase and the disordered phase, which for high κ values coincides with the expected Kosterlitz-Thouless transition. However, in the low-κ regime the observed crumpling/melting transition deviates substantially from the theoretical expectation ( fig. 1) . In particular our results suggest that the ordered phase persists down to κ = 0. The origin of these differences can be manifold. The theoretically predicted phase diagram is based on a perturbative calculations for small 1/κ and 1/K A so it may fail to capture the small κ behaviour of the continuum models. In particular for small p values the validity of the perturbative RG approach is questionable, since the obtained crumpling fixed point falls well above the small
. The discrepancies could also be due to the DTMC approach to simulating the surface. But one should keep in mind that though the DTMC approach has its limitations in modelling the surface at short scales, which may dictate the properties of the disclinations, the disclination energies are well captured by the discretised model for a spherical surface. Furthermore, the discrete model predicts the buckling of the membrane surface in the vicinity of a disclination as predicted by the continuum models. However, the buckling transitions found are significantly reduced compared to the theoretical estimate. Furthermore, the accompanying curvature-induced screening between disclinations, which is essential for the low-κ KT transition, are not observable in our simulations. Again, both approaches may fail to accurately describe the phenomena. For the numerical approach discretisation effects may play a role for the highly curved and p-atic ordered configurations close to the disclination cores. In the previous analytical description of membrane buckling induced by disclinations, cone-like configurations are assumed. This is probably a good approximation, however, recent numerical analysis of the corresponding free energy suggests that the equilibrium configurations rather resemble pseudo-spheres [39] . In their study free energy minimisation was only considered for + 1 p disclinations, which appear naturally for a spherical p-atic membrane. However, − 1 p disclinations are required for a KT-type transition. The associated buckled membrane configurations have been proposed to be saddle shaped, which gives rise to significantly higher disclination energies as compared to the + 1 p [28] . This leads to some problems in understanding the KT transition on a fluctuating surface. In particular the simple KosterlitzThouless criterion [23] for melting based on free energy considerations for a single disclination fails and a more complex description of the disclination unbinding proces involving non-linear effects must be employed. It has been suggested to average the transition estimates obtained from Kosterlitz-Thouless criterion for + 1 p and − 1 p disclinations [40] , or to replace the elastic constants with their renormalised values, which favours unbuckled disclinations on large scales [41] , but a concise theory does not exist. Despite the found proximity of the p-atic disordering transition at DTMC to ε KT and other similarities to a KT transion we cannot conclude that it is a KT transition, since the current finite size scaling analysis technology for DTMC is not sufficiently developed for this task and the accessible range of system sizes is limited. The ordered phase has properties resembling the predicted crinkled phase for membranes, e.g. we find that at low κ the ordered phase structure appears highly rough at short scales, comparable with the crumpled (fluid phase) at low K A values, while the membrane becomes smooth at short scales as κ is increased. For system sizes considered, the crinkled phase appears conformationally ordered at long length scales. Both the self-avoidance and the repulsive disclinations imposed by the spherical topology may contribute to stabilise the long-range order of the membrane.
